Marking Scheme

Module 1 (Calculus and Statistics)

This document was prepared for markers’ reference. It should not be regarded as a set of model answers.
Candidates and teachers who were not involved in the marking process are advised to interpret its contents with
care.

General Marking Instructions

It is very important that all markers should adhere as closely as possible to the marking scheme. In many
cases, however, candidates will have obtained a correct answer by an alternative method not specified in the
marking scheme. In general, a correct answer merits all the marks allocated to that part, unless a particular
method has been specified in the question. Markers should be patlent in markmg alternative solutions not
specified in the marking scheme.

In the marking scheme, marks are classified into the following three categories:

‘M’ marks awarded for correct methods being used;
‘A’ marks awarded for the accuracy of the answers;
Marks without ‘M’ or ‘A’ awarded for correctly completing a proof or arriving

at an answer given in a question.

In a question consisting of several parts each depending on the previous parts, ‘M’ marks should be awarded
to steps or methods correctly deduced from previous answers, even if these answers are erroneous. However,
‘A’ marks for the corresponding answers should NOT be awarded (unless otherwise specified).

For the convenience of markers, the marking scheme was written as detailed as possible. However, it is still
likely that candidates would not present their solution in the same explicit manner, e.g. some steps would
either be omitted or stated implicitly. In such cases, markers should exercise their discretion in marking
candidates’ work. In general, marks for a certain step should be awarded if candidates” solution indicated that
the relevant concept/technique had been used.

In marking candidates’ work, the benefit of doubt should be given in the candidates’ favour.
In the marking scheme, ‘r.t.” stands for ‘accepting answers which can be rounded off to’ and ‘f.t.” stands for

‘follow through’ Steps which can be skipped are shaded whereas alternative answers are enclosed with
. All fractional answers must be smpl]ﬁed

Unless otherwise specified in the question, numerical answers should either be exact or given to 4 decimal
places. Answers not accurate up to the required degree of accuracy should not be accepted.
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. (@ P(Y | X)
=05
#0.7
=PY) M
Thus, X and Y are not independent. 1A ft.
P(X)P(Y)
=(0.4)(0.7)
=028
P(XNY)
=P(Y | X)P(X)
= (0.5)(0.4)
=02
P(X nY)#P(X)P(Y) M
Thus, X and Y are not independent. 1A fit.
() PAXNY)
=P(Y| X)P(X)
=(0.5)(0.4) IM
=02
P(XuY)
=P(X)+PY)-P(XNT)
=04+0.7-0.2 M
=09 1A
—C)
2. (a) The required probability
3
1
(gj (3) .
= 3 IM+IM+IM| 1M for (%) + IM for numerator + 1M for denominator
[-1—) (B3+3143+3)
6
1
== 1A
5
(b) The required probability
3
1
(5) 3)
= 5 IM
(-1—) (3+31+3+3)
5
-1
5
Thus, the required probability will not change. 1A fit.
---------- ©)
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(a) The variance of the number of visitors entering the museum in a minute is 1.8 . 1A
(b)  The required probability
363 63
= "‘—"?',"—““ IM+1IM 1M for Poisson probability + 1M using mean 3.6
= 7'226 1A r.t. 0.2125
~0.2125
The required probability
-18 -1 -1, -1,
_ 2(e 1.8° J[e 18183 ]+ 2(6 131 8! )(e 181,82 } IM + IV 1 o 4 cases
0! 31 1! 21 + 1M for Poisson probability using mean 1.8
1A r.t. 0.2125
~0.2125
(¢) P(atmost 3 visitors in a minute)
~187 g0 _-187 ol 187 o2 _-18; o3
_e 1.8 L€ 1.8 + & 1.8 L€ 1.8 M
0! 1t 2! 3
~0.8913
The required probability
~ (0.891291605)(1 - 0.891291605)* 1M
1A r.t. 0.0105
---------- )
. . . 64
(a) The point estimate of p is -1—&)—= 0.64 . 1A
An approximate 95% confidence interval for p
= -61—1.96JW,—6£-+1.96‘/W IMFIA | 1A for 1.96
100 100 100 100
=(0.54592, 0.73408) 1A
~ (0.5459,0.7341)
(b) Let n be the number of packs in the sample.
The width of a 90% confidence interval for p is (2)(1 .645)(%—,2% .
n
(2)(1.645)[9‘-0—5-} <0.04 IM+1A
Jn
Jn>4.1125
n>16.91265625
Thus, the least sample size is 17 . 1A
---------- @
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@
e
2!
2 2
ke K 1A
by  (1+2x)7"
k252
=(1+C17(2x)+C27(2x)2+~-+(2x)7) R M
2.2
=(1+14x+84x2+---+(2x)7)(1+kx+k2x ]
L 14+k=8 M
k=-6
The coefficient of x2
—(1)(( 6 }+14( 6) + (84)(1) M
=18 1A
eeeeee(5)
(@) j £(x)dx
=j(3“ ~10(3%)+9)dx |
2x x x
=—§———19—£-3——2+9x+constant IM+1A | 1M for Iaxdx=i—+constant
2In3  In3 Ina
by @) 3¥-103%)+9=0
(3%)?-10(3")+9=0 M
=1 or 3*=9
x=0 or x=2 1A for both
Thus, the x-intercepts are 0 and 2 .
(i)  The area of the region bounded by C and the x-axis
2
=-j’0 £(x)dx M
32 1037
=- ——=+9 b
{21n3 In3 XL (by @)
81 90 1 10
= SEATFRT 3§ i . N
2In3 In3 2In3 In3
P 1A
In3
---------- ©)
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dy
7. (a —
(a) i
3 1
=(3)(2x +8)2(2)+6x IM for chain rule
=342x+8 +6x 1A
(b) Note that the slope of the straight line 6x+y+4=0 is -6 .
So, the slope of the tangent is —6 .
3V2x+8+6x=-6 IM+1A | 1M for using (a)
V2x+8 =-2(x+1)
2x+8=4(x+1)>
2x? +3x-2=0 M for ax’ +bx+c=0
x=-2 or x=% (rejected) 1A for ‘x=-2 or xz-;—’
Hence, there is only one tangent to C parallel to the straight line
6x+y+4=0.
Thus, the claim is disagreed. 1A fit.
---------- )
8. (a) f'(x)
1 2
x| 2(Inx)— {—(Inx)
= xz M for quotient rule
X
_2lnx-(lnx)?
2
_ (2-Inx)(Inx)
)
f'(x)=0
Inx=2 or Inx=0
x=e* or x=1
a=e® and B=1 1A+1A
(b) Let u=Inx . M
du 1
Then, we have —=— .
& x
[t
X
/]
= j ¢ de
1 x
1A
M
1A r.t. 2.6667
---------- ©)
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9. Let J minutes and K minutes be the random variables representing the daily
reading times of the students in schools X and Y respectively.

(a) Let g minutesand oy minutes be the mean and the standard deviation

of the daily reading times of the students in school X respectively, while
M, minutes and o, minutes be the mean and the standard deviation of]

the daily reading times of the students in schools ¥ respectively.

0-4_ 551
700—1 7 IM+1A | either one --------+
o7 |
S 01 E
(48— u i
2--217 |
oy o |
1 72— p
2=212
)
Solving, we have
= 4375’01 e 1A for both
78 - 39

rt. 4 =56.0897,0, ~6.4103

RS S S e
14 ~56.0897, 0y ~ 6.4103
8600 800
=3 2 T s orpe

60 rt. g, ~60.1399, 0, ~5.5944
14, ~60.1399, o, ~5.5944

P(students reading more than 60 minutes daily in school X')
=P(J > 60)

6041
=P Z> ——ZS—OlL M either one ---------

9
=P(Z>0.61)
=0.2709

P(students reading more than 60 minutes daily in school 1)
=P(K > 60)

60— 8600
= 143
= P(Z > '—"8'6'6——-) .................. 4

143
=P(Z >3
>P(Z>0)

=0.5
>0.2709

Thus, there are less students reading more than 60 minutes daily in
school X . 1A fit.

57




Solution Marks Remarks
(b)  The required probability
= C3(0.2709)(1-0.2709)*(0.2709) M
~0.1170 1A r.t. 0.1170
---------- @
(c) Forschool X,
P(J2T)<0.1
_ 4315
- 21.29 IM+1A | 1A for 1.29 -
ala ]
39 t
T3l either one
— a
T>65 1A | accept T'=65 ~t---
: |
For school Y, :l 5
P(K>T)<0.1 ; ;
too
_____________ ' t
]
]
'
either one
i
!
Thus, the least value of T should be 68 . 1A fit.
---------- “)
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10. (a)  The required probability
=0.9+(1-0.9)(0.9) IM
=0.99 1A
e ——)
(b)  The required probability
=(0.9)(0.1) +(1-0.9)(0.9)(0.4) + (1- 0.9)*(1) 1M
=0.136 1A
---------- @
()
M
1A r.t. 0.1546
---------- @)
@ @ The required probability
=(0.136)(0.7)° +(1-0.136)(0.3)® M
&
~0.0166 1A r.t. 0.0166
(ii)  The required probability
=(0.136)C5(0.7)*(0.3)° + (1-0.136)CS(0.7)* (0.3)° IM+1M
~0.3052 1A r.t. 0.3052
(iii)  The required probability
6 3 3
= - (03'136)53 (0.7)°(0.3) - T 5 M IM for denominator using (d)(ii)
0.136)C5 (0.7)°(0.3)° +(1-0.136)C$ (0.7)*(0.3)
1A r.t. 0.0825
---------- Y
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I (@ @ A
12
= J'O A(r)dt
1(12-0
> (A(0) +A(12) + 2(A(3) + A(6) + A(9))) IM
.610 1A r.t. 54.6109
. dA(®)
(ii) ”
- 2t-8 1A
t° ~8t+95
d?A@)
dr?
_ 207 -8 +95) - (21-8)°
(% -8r +95)°
942
_ 2; +16t+1§6 1A
(t° -8t +95)
_ =20 -81-63)
(> -8:+95)%
---------- 4)
(b) () Let u=t+3. M
Then, we have izi=1 .
dr
1)
12
= j’o B(r)d M
_ -[12 t+8 dt
0 Jt+3
By-3+8
= du 1A
I, =
s Lo
=L w?+5u?)du
15
5 2 1
= guz +10u2 M
3
20/15-1243 1A | rt.56.6751
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Remarks

(b)

(i)

CA@) _ 201 (4= 79)]lr - (4+479)]
de? (1* - 81 +95)*

Note that 4—+/79 <0 and 4++/79 >12 .

-yt - +47)

(#* - 81 +95)?

Therefore, we have <0

for 0<1<12 .
d*A()

dr?

Hence, we have >0 for 0<r<12 .

So, the estimate of P is an over-estimate. A <54.61085671 .

h-A
=204/15-1243-R

> 20415 - 124/3 - 54.61085671
~2.064200523

>2

Thus, the claim is disagreed.
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27
2. @ N=——"—
2+ ate?!
27-2N —ae Bt M
Nt
ln(27—2NJ=lna+,8t 1A
Nt
---------- @
by (G p=-0.1 1A
0=-0.1(10In0.03) + Inx
Ina =1n0.03
a=0.03 1A
. dN
ii —
(if dr
=-27(2+0.032e ") 2(0.03)(e " - 0.12e7*1) IM | for %eﬂ’ = e’
0.081(z —10)e™"
- 208 ~)oeu 2 1A
(2+0.03te™™")
For 9—]!=0 ,wehave =10 .
dt
t 0<t<10 t=10 t>10
dN M
— - +
dr 0
So, N attains its least value when ¢ =10 . 1A
The least value of N = ———~12.79400243>12 .
2+0.3e”
Thus, the number of chickens will not be less than 12 thousand on a
certain day after the start of the spread of the bird flu. 1A ft.
L dEN
(i) —
dr?
_dfav
dr{ dt
_0.081(2+0.032e )2 (e —0.1(z -10)e"")
(2+0.032e701y*
0.081(r —10)e 1 (2)(2 +0.037¢™*1(0.03)(e ™" - 0.1e7%1)
- (2+0.03ze701)?* M for quotient rule
(2+0.03te )20 - 1)e ™ +0.06(s —10)2 %
=0.0081 STRG 1A
(2+0.03ze7%1
2
Hence, we have %_]2_\7_> 0 for 0<r<20.
t
So, %]ti increases for 0<¢<20 . 1A fit.
Thus, the rate of change of the number of chickens increases. ~  Je=mmemems (10)
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