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FORMULAS FOR REFERENCE

sin (A B) =sin Acos Bt cos Asin B sin A+sin B=2sin A+Bcos’4—;£
cos(Ax B) =cos Acos B¥Fsin Asin B sinA_sinB=2cosA+BsinA;B
tan A+ tan B -
tan(AiB)=-§B——a—n——— COSA+COSB=2()OSA+BCOSA B
1+tan Atan B 2 2
4 B=-2si A+B . A-B
2sin Acos B =sin (4+ B) +sin (4- B) cos A -cos B = -2sin ——sin —

2cos Acos B =cos(A+ B)+cos(A—- B)

2sin Asin B=cos(A—B)—-cos(A+ B)
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Answers written in the margins will not be marked.

Section A (50 marks)

1. Find aci—c(sin 2x) from first principles.
(4 marks)

Answers written in the margins will not be marked.
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Answers written in the margins will not be marked.
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2.

Suppose the coefficients of x and x% inthe expansion of (1+ax)” are —20 and 180 respectively. Find the

values of a and ».

(4 marks)

Answers written in the margins will not be marked.

Answers written in the margins will not be marked.
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Answers written in the margins will not be marked.

3.

Prove, by mathematical induction, that for all positive integers »,

1 1 1

1 _4n+l

1+ + +
I1x4 4x7 7x10

oot = .
(Bn-2)(Bn+1) 3n+1

(5 marks)

Answers written in the margins will not be marked.

Answers written in the margins will not be marked.
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Answers written in the margins will not be marked.
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dy

4. The slope at any point (x, y) ofa curve is given by oty e” —1 . Itis given that the curve passes through the

point (1,e) .
(a) Find the equation of the curve.

(b) Find the equation of tangent to the curve at the point where the curve cuts the y-axis.

(5 marks)

Answers written in the margins will not be marked.
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Answers written in the margins will not be marked.

(a)
(®
©

2

Consider a continuous function f(x)= 5- . Itis given that
+x
x x<-1 -1 -1<x<0 0 0<x<l1 x>1

f'(x) + + + 0 - -

£"(x) + 0 - - - +
( “+’ and ‘-’ denote ‘positive value’ and ‘negative value’ respectively.)
Find all the maximum and/or minimum point(s) and point(s) of inflexion.
Find the asymptote(s) of the graph of y=f(x) .
Sketch the graph of y =f(x) on page7.

(6 marks)

Answers written in the margins will not be marked.
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Answers written in the margins will not be marked.

Answers written in the margins will not be marked.
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Answers written in the margins will not be marked.

Figure 1

2
Figure 1 shows the shaded region with boundaries C: y=——éx——+2x+4 , Ly:y=4 and L,: x=5. Itis

given that C intersects L; at (0,4) and (4,4) .

(a) Find the area of the shaded region.

(b) Find the volume of solid of revolution when the shaded region is revolved about L, .
(6 marks)

Answers written in the margins will not be marked.
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Answers written in the margins will not be marked.
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Answers written in the margins will not be marked. -

Answers written in the margins will not be marked.
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Answers written in the margins will not be marked.

7. (a) Prove the identity tanx =

sin2x

(b) Using (a), prove the identity tany=

1+cos2x

sin8ycos4ycos2y

(1+cos8y)(1+cos4y)(1+cos2y)

(5 marks)

Answers written in the margins will not be marked.
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Answers written in the margins will not be marked.
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Answers written in the margins will not be marked.

Answers written in the margins will not be marked.
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Answers written in the margins will not be marked.

(=

1 0
8. Let M be the matrix | 0 1|,where k-0 .
k 0

(@ Find M7'.

x 2
(b) If M|1|=|2], findthe value of %.
1

z

(5 marks)

Answers written in the margins will not be marked.
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Answers written in the margins will not be marked.

Answers written in the margins will not be marked.
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Answers written in the margins will not be marked.

9.  Consider the following system of linear equations in x, y and z

x - ay + z = 2
(E) {2x + (1-2a)y + @-b)z = a+4 , where g and b are real numbers.
3x + (1-3q@)y + (@B-ab)z = 4

It is given that (E) has infinitely many solutions.

(a) Find the values of @ and b.

(b) Solve (E).

(5 marks)

Answers written in the margins will not be marked.
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Answers written in the margins will not be marked.

Answers written in the margins will not be marked.
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Answers written in the margins will not be marked.

10.

Figure 2

Let OA=2i and —0—1§=i+2j . M is the mid-point of O4 and N lieson 4B suchthat BN:NA=k:1 . BM

intersects ON at P (see Figure 2).

(a) Express ON interms of k.

(b) If 4, N, P and M are concyclic, find the value of &.

(5 marks)

Answers written in the margins will not be marked.
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"PdIRU 3q JOU [[IM SUISIEW 1) Ul USNLIM SIOMSUY

Answers written in the margins will not be marked.
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Answers written in the margins will not be marked.

Section B (50 marks)

11. (a) Let 0<f< % . By finding Edgln(sece +tan @) , or otherwise, show that j-sece dé =In(secd +tan )+ C ,

where C is any constant.

(2 marks)
(b) (i) Using (a) and a suitable substitution, show that j \/_diu__ =In(u + Vu? - )+C for u>1.
u -1
1 2x
(i) Using (b)(i), show that J' = dx=In(6+4v2 =33 -2V6) .
0x*+4x%+3
(5 marks)
d¢ 1
Let z=tan¢g . Showthat —— = .
(¢) Le ng & 1o
2
7 tang
Hence evaluate I =" dg .
0 J1+2cos? ¢
(5 marks)

Answers written in the margins will not be marked.
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Answers written in the margins will not be marked.
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"padjIeWl 9q JOU [[IM SUISIRUI Y} UI USYILIM SIoMSUY

~Answers written in the margins will not be marked.
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"PadIBW 2q JOU [[I SUISIEUI 2T} UI USYLIM SIOMSUY

Answers written in the margins will not be marked.
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Answers written in the margins will not be marked.

12.

< 40m 40m \

A

T e e e e
o

Figure 3 Figure 4

In Figure 3, the distance between two houses 4 and B lying on a straight river bank is 40 m . The width of the
river is always 30 m . In the beginning, Mike stands at the starting point P in the opposite bank which is 30 m
from A . Mike’s wife, situated at 4 , is watching him running along the bank for x m at a constant speed of

7ms™! to point O and then swimming at a constant speed of 1.4 ms”

(@

®)

! along a straight path to reach B.

Let T seconds be the time that Mike travels from P to B.

(i) Express T interms of x.

(i) When T is minimum, show that x satisfies the equation 2x2 -160x+3125=0 .

Hence show that OB = 2—52‘/—6—- m.

(6 marks)

In Figure 4, Mike is swimming from Q to B with OB equal to the value mentioned in (a)(ii).
Let LMAB=a and ZABM = [ ,where M is the position of Mike.

200tan @

(i) Byfinding sinf and cosf , showthat MB=——— .
tana +2v6

(i) Find the rate of change of @ when « =0.2 radian. Correct your answer to 4 decimal places.
(7 marks)

Answers written in the margins will not be marked.
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“POSHEW 2q JOU [[IM SUISIBUI OU) Ul USPLIM SIOMSUY

Answers written in the margins will not be marked.
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Answers written in the margins will not be marked.
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13. For any matrix M = (a

b
J,deﬁne tr(M)=a+d .
c d

10
Let A and B be 2x2 matrices such that BAB™ =(O 3} .

f

(@) (i) Forany matrix N =[e
g h

J , prove that tr(MN) =tr(NM) .

(ii) Show that tr(4)=4 .

(iii) Find the value of |4] .

(6 marks)

(b) Let C= (p qJ . It is given that C(x] = ll[x) and C(x] = lz[x} for some non-zero matrices (XJ
r.s y y y y y

and distinct scalars 4; and 4, .

P-4 g
r s—4,

P-4 q
r s—A

(i) Prove that =0 .

l=0 and

(i) Provethat 4 and A, are the roots of the equation A* —tr(C)-A+|C|=0 .

X

(c) Find the two values of A such that A( J= A(x) for some non-zero matrices [x) .
y y y

(5 marks)

(2 marks)

Answers written in the margins will not be marked.
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"POdJRW 9q JOU [[IM SUISIEW oY} Ul USPLIM SIOMSUY

Answers written in the margins will not be marked.
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Answers written in the margins will not be marked.
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14.

B C
Figure 5

Figure 5 shows a fixed tetrahedron OABC with ZAOB= £ZBOC = LCOA=90° . P isa variable point such that
AP-BP+BP-CP+CP-AP=0 . Let D be the fixed point such that ﬁ=w . Let OAd=a ,
OB=b , OC=c , 55=p and OD=d .
(@ (i) Showthat AP-BP=p-p-(a+b)-p .

(ii) Using (a)(i), show that p-p=2p-d .

(iii) Show that |p—d|=|d| .

Hence show that P lies on the sphere centred at D with fixed radius.
(8 marks)

(b) (i) Alice claims that O lies on the sphere mentioned in (a)(iii). Do you agree? Explain your answer.

(ii) Suppose B , P, and P, are three distinct points on the sphere in (a)(iii) such that

BI—’; X BI—’; = 313; X E_P; . Alice claims that the radius of the circle passing through B, P, and P

is OD. Do you agree? Explain your answer.
(4 marks)

Answers written in the margins will not be marked.
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END OF PAPER

“pad[RU 9q JOU [[IM SUISIeW OY) UT USPLIM SIOMSUY

Answers written in the margins will not be marked.
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