Solution

Nowethat (1+ax)® =1+Clax+Cy(ax)’ +--+(ax)® and
43P =B +C B+ O 4+ CI6™x" +Cabx #8 s
Akoml!ﬂ lz:[l‘, =7:4 “ l|+ﬂs+6=0 .

ca 1

—2_-=— and 8a+9b+6=0.
Therefore, we have C,’bz %
So,wehave 4a” =95” and 8a+9b+6=0 .

-8a-6Y

Hence, we have 4a2-9( A ]

Simplifying, we kave 7a” +24a+9=0 .

Thos, wehave a=-3 or az-;l .

=0.

Marks

IM

IM
IM

IM

1A
)

M
IM

IM

IM
1A
)|

Remarks

Withhold 1)y it "
g,

for either one

for both correct



Solution \Wﬁ
M -\\

|

A

=ﬁa+ 2+3

3
2. 4+=b
"3 1A
a-b
=|a||bjcos £AOB
1
=(45)20)| =
(45X )(4)

=225
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: IM
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y (i) \OP‘
ol By 2,08
_(sﬁsb)(s“?"]

4 2Y'3 9
=—laz+2L. Zla-b+ini2
Y | : 5ab+25|b|
=324+108+144

=576 IM for using (b)i)
|oF|

=576

=24

1A
E—C)

@ [reax
= —Ixzde"
=-xle " + I e *dx?

IM | for integration by parts
=-x%e"* + 2Ixe“dx

1A
=-xle* =2 I xde™
=-xle* -2 (x e - Ie"‘dx )
=-x’¢™* —2xe™* —2¢™* + constant 1A
=—¢ *(x? +2x +2)+ constant
(b)  The required area
= I:xze"dx M
=[-e* a2 2x+2)| (by (8)) IM | for using the result of (a)
=2 --5-9 1A
&
----- s U))
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s @ @ |38 -11f=0 M
23 h
gh-44-9+16+33-6h#0
2h-4#0
he2 1A
h<2 or h>2
(i) 2
1 2 1
38 49
2 3 &k
S IM
_Li
— 1A
(b) When h=2, the augmented matrix of (E) is
12 =111} (1 2 -1| 11 10 7] -5
38 -11|49(~|0 1 -4 8 |[~/0 1 -4 8 M
23 2 |k 0 0 0 |k-14) (0 O 0 |k-14
Since (E) has infinitely many solutions, we have #=2 and k=14 .
Thus, the solution set of (E) is {(-7¢-5,4t+8,1):1eR} . 1A
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ik

o Let dem be the depth of water when the volume of water in the
container is 967 cm’ .

2
Note that %G;i) =967 .

So, we have d =8 .

By (a), we have 4= %nhz .

Attime ts, we have d—A=1—5-7zh9£ .
8 de
Also note that d—h- = 2 ;
dt =«
Therefore, we have 24 =l§-7r(8)(-3—) .
dr|, s 8 V4

Hence, we have 9-4 =45 .
dt|,.s

Thus, the required rate of change is 45 em?/s .
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(ii)

3n 2 I
22 _cos3xsin
sin3xcos . el

sh\xcos-;-r-—cosxsin 2

jl.zv(sinx -C08X)

cos3x +sin3x
W Sl

cosx—sinx

cos3x+sin3x =2
cosx—sinx

4
in3[ x-—
sm (x 4J

B W =) (by (b)())
sin(x—f-)

4
Note that sin( —%)#0-
3—4sinz(x—%J=2 (by(a))

1-4sin’ x—!-):O
&

e

Since —<x<X , we have sin .. =-1-
4 2 4) 2°
Therefore, we have PO
4 6

Thus, we have x= 5_” .
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Marks Remarks

o Jope of the tangentto I' at P
P f’(ej)

332
’len(e )

ALY

.—.2]lnx dinx
=(nx)?+C

Since I" passes through P, wehave T=(ne’)* +C .

Solving, we have C=-2 .
Thus, the equation of I is y=(Inx)*-2 .

Note that f"(x)= 2- 221n X .
X

Therefore, we have f"(x)=0 & x=e.

% (0,¢) e (e, )
f"(x) + 0 -

Thus, the point of inflexionof I' is (e,-1) .
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IM

Note that f(0)=x"9% 354 ~
. o of the :b:iqm asymptote is ¥ =¥ =9 1A
equati ———)
® )
d _22.)
'I;( -9+x+4
nl+36(—')(-\'4'4fz M
36 1A
."”(.\'-4»4)5
f‘(x) \
d[x*-5x
.:i-x- x+4
(x+4)(2x=5) = (x> =5%) M
" (x+4)°
_x+8x-20 TA
(x+4)2
""""""" (2)
s (x+lO)(x-2)
(c) Note that f(x)———(—xT .
So, we have fi(x)=0 < x=-10 or x=2. 1A
[ [C=-10 ] -10 Tco,-4) [ (42| 2 | @
[ f(x) + |0 - - 0| + M
[ 1(x) A | =25 N N wif 2
Thus, the maximum point and the minimum point of G are (-10, -25) 1A
and (2,-1) respectively. 1A
(x+10)(x-2) i
Note that f'(x) = and f"(x)=——=7 -
) (x +4)° (x+4)’
So, we have f'(x)=0 < x=-10 or x=2. 1A
Also note that f”(—10)=-§i<0 and f”(2)=§1->0. IM
Further note that f(-10)=-25 and f(2)=-1.
Thus, the maximum point and the minimum point of G are (-10,-25) 1A
1A

and (2,-1) respectively.
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x* —18x+81+12(";9)+&6__
x+4 (x+4)2

x2—18x+153 -

936 - 1296
x+4 (x+4)2

&
3 s
,,[" —9x2+153x—936ln\x+4|—1296}

3 x+4 "
2285 3
(22 omuf2)e .
[ The required volume —
5/ 2 2
___n_j (x —Sx} dx -
0 x+4
9 2., _o\2
_ j (x-4) (2x 9 4,
4 X
9 x4—26x3+241x2—936x+1296) ™ -
=ﬂj4 xz
936 1296
/:xfg(x2—26x+24l———-+——z—)dx
4 X X .
3 1296 W
=z[5——13x2+241x—9361nlx|— * .
1A
3
_ 2285—18721n(—))”
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AF

|17E - SAC

-8r+36, 4Ir-36j+_l_!_k

R | | r+l 5 j |
Since 4 B and Farecollinear,wehave /—8r+36 —""4"_36
! ’

6

-

Solving, we have 7= 7

— l_—-o .
Note that AD =-2—AC =3i-3j .

% =L (42i-24j+6K) .
By (a), we have AE=-I—1(42| 24j+6Kk)

4D -DE
=D -(4E - AD)
=(3i—3j)~(-ll—l(9i+9j+6k))
=0
4B-BC
- 7B -(AC - 4B)
=(2i+j+k)-(4i-Tj-k)
=0
Therefore, we have ZABC =90°= ZADE .

So, we have ZCBF =90°=ZCDF .
Thus, B, D, C and F are concyclic.

(i)

Note that AF =12i+6j+6k and AP =i+7j-2k .
Since ZCBF=90°, Q is the mid-point of CF .

Therefore, we have A—Q. = %(A_C‘ + A_F.) =9i+3k .
The volume of the tetrahedron 4BPQ
[y

=€'AQ-(ABx AP)I

90 3
21 1
17 -2
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! dx
[

()

oot

4

2tan 6
1+tan’6
2sin 8

__cosé
sin%@

()
cos’@

=2sinfcosh
=sin20

o O

1-tan%g
1+tan’@

_ sin®@
cos?6
sin’@
cos’6

1+

= cos20 —sin%@
=co0s26

(ii)

1
Note that

—

dé 1

Let t=tan@ . Then, we have —=—-—

dt 1427

1 1+

M

M

LT LT

: sin26’+cos29+2=

n
'4' 1

—

.[o t2+21+3

1
{ jo % +2x+3

i = ..‘@tan-‘(_‘/_i_}

2 4

okt tarne N

o sm26+c0526+2

1+t2 4
o P+2043 1+t2

2% 1-£

1+2 148

(by(a))
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46 _ Rema
() Let y=;’--9- Then, we have }i}"—l ' M ks
T__sin2041l__gyg
0 gin 20+ cos20+2
0 sin(£—2y)+l
..J‘ g dy
L4 x_ L= ]+2
‘sin(z 2y)+cos(2 y
7 i
K cosZ:v+ dy
[} cosZy+sm2y+2
- '4" cos26+1
o sin26+cos26+2 1
““““““ (2)
T 8sin26+9
4 sin
@ J; sin260+c0s26+2
_ J‘% 4(sin26+1)+4(sin20+D+1 4
0 sin26+cos26+2
o[ __sin26+1 T sin20+1 o 1
4J; sin20+cosZH+2d€+4,[> sin26 +cos20 +2 ,‘; sin28+cos20+2 q@
T sin20+1 = s20+1 3 1
"J:. P I da+4L 3o+ 31T da*_[, s (Y(@) | IM | fory
. % Mg (c)
_4f7 sin28+cos26+2 d€+J‘7 1
o sin20+cos26+2 o sin2@+cos26+2 M
n z 1
=4J' 7 do+ I ‘4 dé
0 o sin28+cos26+2
V2. V2
= +—rtan | — by (b)(ii
V4 . n \
Let I_J'I sin26 +1 49 and J_J':;‘ cos26 +1
o sin280+cos26+2 o sin28+cos26+2
Note that 1+J=f4 d&:%. M
V4
By (c), we have [=J = IM for using (c)
n
J'I 8sin26+9
o sin26+cos26+2
% I
=8/+ f ¢ dé
o sin20+cos26+2
V2. V2 )
=7r+—5-tan [—Z—-] ( by (b)(ii) ) IM 7 +(b)ii)
—)
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50, the state
k
Assume that 4

ment is true for n=1.

k+!

( by induction assumption )

a,(0 1
ko k-1
=3"1+3 k(o 0} , where k is a positive integer.
A4
k

y
g 0o N3 1
k k-1
=[3 143 k(o on(o 3)
o 1Y (1 0) (0 1
B k—lk 3
‘(3”3 o oll°lo 1) lo o
01 01 0 1Y
i k+1 +3kk +3k 3k-—lk
¥ (o o) 0 0)7° "o o
0
0

01 0
=343k (k]
3k 435 (k+1) g B + 0
01
=3 143 (k+1
( )0 0
for n=k+1 ifitis true for n=k .

Therefore, the statement is true
By mathematical induction, the statement is true fo

e -1 0
(i) Note that P —(_2 —l]'

P~'BP

ol P
0

= A

(b)

By (b)(i), we have P'BP=4 .
So, we have (P'BP)"=4" .
Therefore, we have P~'B"P= A" .
Hence, we have 8" = PA"P™ .
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2

2 1
n n-1
wd'l+3 n[_‘ -2]
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;

-30,‘3”\"(
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)

0

r all positive integers 7.

M

M for using induction assump

1A

M

M




Solution

B
s |
L
1 0],3°0 ’ )
,3' | + _4 -2
true for 7

=1
=l

So, the gtatement 1S (2 1 ] , where kis a positive

B‘ =3kl+3‘-lk -4 -2

Assume that

integer:
Bkol
=B'B | )
2 1 D ( 5 ) (by induction assumption )

=(3kl+3k-lk(_4 -2 -4 1
2 1 2 1
=(3k1+3k-'/l(_4 _2]](3l+(—4 —2)]
2

7 1 -1 2 1

]+3 k(_4 D)

2 1),
k+l k
=31+3 k(_4 _2]+3 (_4 )

=3 1+3(k+D) 2 1,00
-4 -2) (0 0

2 1
k+] k
= k
3k 1 43%( +1)(_4 P
is true for n=k+1 if it is true for n=k .

Therefore, the statement
r all positive integers 7 .

IM

IM

the statement is trué fo

By mathematical induction,

(ii) |,4'"-1;'"|=4m2

'3,,_,”’(0 lJ—3”'"m(2 1]_
00 -4 =2
2

_4m2 (32(”!—1)) - 4m2

32(!”-]) = _l

Note that ~1<0<3%"™™ .

Thus, there does not exist a positive integer m such that | 4 "_B"|=4m’
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