Marking Scheme

Module 2 (Algebra and Calculus)

This document was prepared for markers’ reference. It should not be regarded as a set of model answers.
Candidates and teachers who were not involved in the marking process are advised to interpret its contents with

care.

General Marking Instructions

It is very important that all markers should adhere as closely as possible to the marking scheme. In many
cases, however, candidates will have obtained a correct answer by an alternative method not specified in the
marking scheme. In general, a correct answer merits all the marks allocated to that part, unless a particular
method has been specified in the question. Markers should be patient in marking alternative solutions not
specified in the marking scheme.

In the marking scheme, marks are classified into the following three categories:

‘M’ marks awarded for correct methods being used;
‘A’ marks awarded for the accuracy of the answers;
Marks without ‘M’ or ‘A’ awarded for correctly completing a proof or arriving

at an answer given in a question.

In a question consisting of several parts each depending on the previous parts, ‘M’ marks should be awarded
to steps or methods correctly deduced from previous answers, even if these answers are erroneous. However,
‘A’ marks for the corresponding answers should NOT be awarded (unless otherwise specified).

For the convenience of markers, the marking scheme was written as detailed as possible. However, it is still
likely that candidates would not present their solution in the same explicit manner, e.g. some steps would
either be omitted or stated implicitly. In such cases, markers should exercise their discretion in marking
candidates’ work. In general, marks for a certain step should be awarded if candidates’ solution indicated that
the relevant concept/technique had been used.

In marking candidates’ work, the benefit of doubt should be given in the candidates’ favour.

In the marking scheme, ‘r.t.” stands for ‘accepting answers which can be rounded off to’ and ‘f.t.” stands for
‘follow through’. Steps which can be skipped are shaded whereas alternative answers are enclosed with

. All fractional answers must be simplified.

Unless otherwise specified in the question, numerical answers not given in exact values should not be
accepted.
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Solution Marks Remarks
. @ (-x*
=1-4x +6x* - 4x> + x* 1A
(b) Notethat (1+kx)’ =1+Clhx+Cj(kx)? + -+ (kx)° M
Cyk*~4C k+6=-3 M
36k*-36k+9=0
Qk-12=0
Thus, we have k=—21— . 1A 0.5
---------- “
2. £'(2)
=1imw 1M
h=0 h
- lim 2+h—v4+
A0 h\/4+
2
i 2R -4+ ) M
h->0h\/4+h(2+h+\/4+h)
_ h(h+3)
h=0 hald+ h(2 + h+ 4+ h)
At IM withhold 1M if the step is skipped
h~>0J4+h(2+h+J4+h)
_3 1A | 0375
8
f'(x)
:HmM M
h—>0 h
x+h _x
i N2+x+h 2+x
h—>0 h
(x+h)J2+x x2+x+h
= M2+x\2+x+h
i C+x)x+m’-x*Q+x+h)
= lim 1M
"—*Oh\/2+xs/2+x+h((x+h)\/2+x+x«/2+x+h)
- lim h(x? +4x + hx+2h)
h—>0 hJ2+xJ2+x+h((x+h)\/2+x+xJ2+x+h)
= lim X+ dx t hx+ 2 IM | withhold 1M ifthe step is skipped
h=>0 J2+xJ2+x+h((x+h)Jz+x+xJ2+x+h)
B x2+4x
2x(2+x)W2+ x
Thus, we have f(2)=-§;i 1A 0.375
---------- €y
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Solution

Marks

Remarks

3.

(a (1) tan 3x
= tan(2x + x)
_ tan2x+tanx
" 1-tan2xtanx
2tan x

( 2 tan x )
1- ———— |tanx
I—-tan“x

_ 2tanx + tan x — tan> x
- I-tan? x-2tan® x
_ 3tan x —tan° x

" 1-3tan’x

(ii) tan x tan (60° — x) tan (60° + x)

tan 60° — tan x tan 60° +tan x )
tan x

1+tan 60°tan x /\ 1 —tan 60°tan x

=] \[g—tanx \/-?:+tanx
1+\/§tanx ].-\[?;tanx

_3tanx—tan’x
1-3tan’ x
=tan 3x

(b) Putting x=75° in (a)(ii), we have
tan 5° tan (60° — 5°) tan (60° + 5°) = tan 3(5°)
tan 5°tan 55° tan 65° = tan15°
1 1
(tan 85° tan75°
tan 55°tan 65°tan 75° = tan 85°

)tan 55°tan 65° =

IM

IM

M

Putting x =25° in (a)(ii), we have
tan 25° tan (60° —25°) tan (60° + 25°) = tan 3(25°)
tan25°tan 35°tan 85° = tan 75°

! 1 tan 85° = tan 75°
tan 65° J\ tan 55°

tan 55°tan 65°tan 75° = tan 85°

IM

Putting x=95° in (a)(ii), we have
tan 95° tan (60° - 95°) tan (60° + 95°) = tan 3(95°)
tan 95°tan(—35°)tan155° = tan 285°

tan 85° 1 L =tan75°
tan 55° J\ tan65°

tan 55°tan 65°tan 75° = tan 85°

IM
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Solution Marks Remarks

4. (@ jsinzade

=Jl—c<2)s29d9 M

=—€—-1—j'c0529d9
2 2
_ 8 sin26

=5 + constant 1A
(b) The required volume
(21 1 2
=z [4x(1-x>)" | dx M
a0
=7z | ? 16sin’ucos’udu ( by letting x=sinu) IM
Jo
o
=z | ? 4sin®2udu
Jo
n
=27 sin’6do ( by letting 8=2u)
0
= 72'[0 - szw] (by (a)) IM | for using the result of (a)
0
=2 1A
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Solution Marks Remarks
(a) Note that : = () .
MH@AAG) 4O
Therefore, the statement is true for n=1 . 1
1 _ m(m+3)

(®

m
Assume that Z , where m isa

Sk +D)(k+2)  4(m+1)(m+2)

positive integer.
m+l 1

Z kk+D)(k+2)

S 1
;k(k+1)(k+2) (m+1D(m+2)(m+3)
m(m+3) + 1

TAmim+2)  (m+D(m+2)(m+3)

_ m(m+3)*+4
T Am+)(m+2)(m+3)

( by induction assumption )

. m® +6m® +9m+4

T Am+ D) (m+2)(m+3)

_ (m) (m+ )

T A(m+ D) (m+2)(m +3)

_ {(m+D(m+4)

T Am+2)(m+3)

So, the statement is true for n=m+1 ifitistruefor n=m .

By mathematical induction, the statement is true for all positive integers # .

123 50

Z 1k(k+D(k+2)

123

2-"k(k+1)(k+2)

k=4
123

1 _i 1
S f(k+D(k+2) = k(k+1)(k+2)

k=1

=50

=50

4123+1)(123+2) 6 24 60

(123)(126) 9
4(124)(125) 40

(123)123+3) 1 1 1) (by (a))

=50

387
310
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Solution

Marks

Remarks

(@

(&

Let 4 square units be the area of the circle with OP as a diameter.
A

2
[ u2+v2J
P I ——
2

T, a2 2
=Y +V
0+

44
Therefore, we have #°+v° = —— .
T

Hence, we have S = i{{ .
7w

Attime fs, we have iLSL:i LE) =i(5ﬂ')=20 .
dr 7\ dt b4

Note that 20 is a positive constant.
Thus, S increases at a constant rate.

Let R square units be the area of AOPQ .

Note that R = —;-u(Z” 24y =y 24t

Attime rs, wehave fi—R—=(1+uln2)2“"2 du .
dt dt

. d, 2 du dv
S —u+v)=20 (b ,weh 2u—+2v—=20 .
ince ” W +v°) (by (a) ), we have 2u o vdt

Therefore, we have 2u-i—z;+ 2(2%1? Inzfid-‘t‘- =20 .

Hence, we have _<_iy_= ,1;.2 .
dt u+2""In2

du

dr

u=2
10
" 2+41n2
5
T 1+2In2

dRr
dr

u=2

du
=(1+2In2) —
( n)dt

u=2

5

=(1+2In2) ———
( )]+21n2

=5

Thus, the required rate of change is 5 square units per second.
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Solution Marks Remarks
7. (a) f(x)
- j(‘zx +8)dr
=-x?+8x+C , where C is aconstant 1M
Since f(I)=2, wehave —1°+8()+C=2 . M
Solving, we have C=-5 .
Thus, the equationof I” is y= —x2+8x-5 . 1A
(b) () Let (a,b) be the coordinates of P .
Therefore, we have 14 =-2a¢+8 and b=-a*+8a-5 . IM for either one
a —

~2a*+18a-26 =—a*+8a~5

a?-10a+21=0

a=7 or a=3

Since f'(7)=-6<0 and f'(3)=2>0, wehave a=7.

Thus, the coordinates of P are (7,2) . 1A
(ii) The slope of the tangentto I~ at P

={'(7)

=-6

The slope of the normalto 7~ at P
=1 IM
6

The equation of the normalto I” at P is

y-2= -é—(x -7 IM

x-6y+5=0 1A

---------- ®)
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Solution Marks Remarks

8. (@ ~5—21a_1a10

' 15 6 \6 ¢) (b c)lo 0
~5-2b -5a-2¢ (1 0
15+66 15a+6¢c) (b 0
So,wehave -5-2b=1, —5a-2c=0, 15+6b=5 and 15a+6c=0 . IM for either one
Therefore, we have b =-3 and c=:25—a .
Since |M|=1, wehave c-ab=1, IM
Hence, we have :§—a—+3a=l .

Thus, wehave a=2, b=-3 and ¢=-5 . 1A for all correct

(b) (i) By(a), wehave M =(_13 —~25) .

M—l
=_1.[-5 _2) M
13 1
-5 -2
57
M™'RM
-5 =26 2)1 2
3 1}(—15 —5)(-3 ~5J
0 0)1 2
3 1)(-3 -sj

0
_ 0) 1A

01

1 0
(i) Note that PzM(O OJM".

0
By (b)(i), we have R = M[O ]M‘l .

0 1
(aP+ BRY”
99
=[aM(] 0)M“+ﬂM(O OjM’]} 1M
0 0 0 1
99
{6 9w
0 A
0 99
=M[a JM" M
0 B

99
= M(“O ﬁO”]M“‘

10 0 0
—a®M M 4 8% M Mo
00 0 1

=a”P+ %R 1
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Solution Marks Remarks
(a) The equation of the vertical asymptote is x—4=0 . 1A
- 3 -
Note that (l+4)2 = +20+M . IM
(x-4) (x—4)
Thus, the equation of the oblique asymptote is y = x+20 . 1A
---------- ®
& ')
_ G-4CE+) - (x+9° Q- 4) M
(=4
_ (x+4)(x-20)
(x-4°
fll(x)
BETCED) 1A
(x-4)
---------- @
2 —
(© By (), wehave f(x)=-EFD(x=20)
(x-4)
So,wehave f'(x)=0 < x=-4 or x=20.
X (—OO, _4) -4 (_4: 4) (45 20) 20 (209 Oo)
f'(x) + 0 + - 0 + M
f(x) 2 0 2 N 54 A
Therefore, there is only one turning point of H .
Thus, the claim is disagreed. 1A fit.
---------- @)
(d) By(b), wehave f"(x)=—ocxtd)
(x-4)
So,wehave f"(x)=0 < x=-4.
-©0,-4) | -4 | (-4,4
ux : ( ) M
f"(x) - 0 +
Thus, the point of inflexion of H is (-4, 0) . 1A
---------- @)
(e) The required area
0 3
| G+ IM
J-4 (x— 4)2
P-4 3
= (o +28) du (byletting u=x-4)
J-3 u
[~ 192 512
= [u+24+—-——+—-2—)du IM
J-8 D
5 -4
= 24019210 ]| - 212
2 L
=136-192In2 1A
---------- )
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Solution Marks Remarks
10. (&) Let u=Z—y . Then, we have —dﬂ=—l . IM
4 dx
z
J‘ ¢ ln[sin(z—z——x))dx
kal 4
12
.
= j;z In(sinu)du M
s
z
= J. 2 In(sinw) du
12
=J>” In(sin x) dx 1
12
---------- 3)
o7
b) : In(sm —-—x j J‘ In(sin x)dx (by(a))
T 12
P Vs
”6 In(sin—;f-cosx—cos%sin dex=J‘;S In(sin x)dx M
o TZ_ E’
. ‘X
5
N (J—(cosx smx)) j In(sinx)dx
T 12
. z
6 1 . 3 .
& (ln(-j_g]ﬂn(cosx—smx))dx “J.i In(sinx)dx IM
12 12
o7 . z
‘ I[E}jx f € InyZds
z sinx z
‘12 12
-E 1
§ In(cotx ~1)dx = 2102 1A
JZ 24
12
---------- )
. Fid
¢y (i cot —
© O %
:cot[ﬁ-l)
4 6
cotﬁcotzﬂ
=—4__ 6 M
cotz——cotﬁ
6 4
_(BnaB+n
)
3424341
2
=2+43 1

78




Solution

Marks

Remarks

(i)

T 7
cot’ = —243 cot—~1=0
12 f 12

RS X e
2

12
cot%=2+\/§ or cot%=—2+«/§ (rejected )

Thus, we have cot—l% =2+ \[5 :

IM

7

- 2

6 XCSCx
dx

7 cotx—1

12

k4

- —[xln(cotx—l)} ¢ +jf In(cotx —1)dr

12 12

= - Zln cot—’—r-—l ——”—-ln cotf-—l +7rln2
6 6 12 12 24

7in2
24

(by (b))

(by (9)(1))

fl

-1’%(111(\/5 +D-2In(3-1)+
_my [ Bl ) 22
12| (3-12) 24

(3 +1) , @ln2
4 24

=Zn 2((\5“)3 ]2]

=Zin
12

24 4

=ZIn

24

= ﬁln(@i}
2

3 +1)"’J
8

8

z_@h{uzﬁ]

8 2

=—§-In(2+\/§)
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Solution

Marks

Remarks

Note that

I -1 =2

1 -2 A

4 h -7
= (=2)(=7) + (=D(h)(4) + (=2)(h) = (-2H=2)(4) = (W)(h) = (-1)(-T)
= —(h+3)’

I @ O O

1 -1 =2
Since (£) has a unique solution, we have (1 -2 A |#0.
4 h -7

So, we have —(h+3)2 #0 .
Thus, we have A #-~3 .

1A

IM

The augmented matrix of (E) is

1 -1 =21} (1 -1 =2 1
1 =2 h | k|~|0 -1 h+2| k-1
4 h -717) 0 h+d 1 3
-1 =2 1

-1 h+2 k-1

0 (h+3)* | hk—h+4k-1

¢
S O =

Since (E) has a unique solution, we have (4+3)> =20 .

Thus, we have AZ=-3 .

IM

1A

(2) Since (E) has a unique solution, we have
x

1 -1 =2

k -2 h

7 h -7

—(h+3)?

W +2hk + Th+ Tk +14
(h+3)?

y
11 -2
1 k &
4 7 -7
—(h+3)?
_3h-k+7
C (h+3)?

zZ
1 -1 1
1 -2 &k
4 h 7
~(h+3)?
Mk —h+ 4k -1
T (h+3)?
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for Cramer’s Rule

1A for any one + 1A for all




Solution Marks Remarks

Since (£) has a unique solution, the augmented matrix of (£)
I -1 -2 1
~0 -1 h+2 k-1 1M
0 0 (h+3) | hk-h+4k-1
2 P
10 0 h*+2hk+Th+7k+14
(h+3)?
101 0 3h—k+27
(h+3)
00 1 hk—h+4£c-—1
(h+3)
B2+ 2hk+Th+ Tk + 14 3h—-k+7
Thus, we have x = > , Y= 3
(h+3) (h+3)
hk ~h+ 4k -1
and Z=W 1A+1A | 1A for any one + 1A for all

(i) (1) When A=-3 , the augmented matrix of (E) is
I -1 -2 |1 1 -1 =2 1

1 -2 -3 | k|~0 =1 -1 k-1 IM  pemmeeommme- :
4-—3—-77Jk000k+2 E
Since (E) is consistent, we have & =-2 . 1 i
either one
(2) When h=-3 and k=-2, the augmented matrix of (E) !
1 -1 -2 1 }
~0 -1 -1 f{-3 | H
0 0 o 0
Thus, the solution set of (E) is {(t+4,—t+3,t): teR} . 1A
---------- €)
(b) When #=-3  the solution set of (F) is {(t+4,~t+3,t): teR}.
322 +4y? 722
=3(t+4)? +4(-+3)2 =72 M
=84
#1
When h=-3, (F) does not have a real solution (x,y,z) satisfying
344yt -7 =1 1A
When 74+ -3 | the solution of (F)is x= i , y= 3 and z= =3
h+3 h+3 +3
3x2 +4y% ~7,2
=3(—L)2 +4(-3~)2 ~7[—‘-—3—)2 IM
h+3 h+3 h+3
_3(n-3)
T h+3
Hence, we have 3x2 +4y2 ~-72%=1 E%%ﬂ .
Therefore, we have 3x? +43%-72°=1 < h=6.
So, there is only one value of 4 such that (£) has a real solution
(x,y,2) satisfying 3x? +4y?-7z2=1 .
Thus, the claim is disagreed. 1A ft.
---------- 4)
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Solution Marks Remarks
12. (2) Note that ?)75:%55 +ZII_OE . M
So, we have b_§=2i-—j+2k .
OP x OR
i j k
=1 1 4
2 -1 2
=6i+6j-3k 1A
---------- @
(b) Note that the quadrilateral OPSR is a parallelogram.
The area of the quadrilateral OPSR
|7« 0k M
=|6i+6j-3k|
=62 +6% +(-3)
=9 1A
---------- @
(¢) () Notethat NR = OR — ON =(2-61)i-(1+61)j+Q2+31)k M
and PO =4i-8j-8k .
So, we have NR - PQ = 4(2 ~64)+8(1+64)~8(2+34) =0 .
Thus, NR s perpendicular to Fé . 1A fit.
(i) (1) Notethat NQ = 00 — ON =(5-64)i-(64+7)j+GA- 4k .
Also note that TQ is parallel to 11i+ #j—10k .
Since x#0 , we have 63'_5=6/1+7=3}”_4 . 1M
11 u 10
Solving, we have A =—§- and pu=-25. 1A+1A
(2) Note that PQ is the line of intersection of AOPQ and
ANPQ .
Since OR 7’5 =0, OR isperpendicularto PQ.
By (c)(i), MR is perpendicular to PQ .
So, we have €= ZORN . M for identifying &
ON
Therefore, we have tanf =tan ZORN =
OR
255 o
By (c)(ii)(1), we have tanf = 9 2 M for using the result of (c)(ii)(1)
OR
2
5O i
By (b), we have tanf = ———t————=—=— . 1A
Vi (=42 3
---------- ®

.
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