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FORMULAS FOR REFERENCE

. B 7 +B  A-B
sin{ A+ B) = sin Acos Bt cos Asin B sinA +sin B = 2sin 5 08 5
. . . A+B . A-
cos{ A+ B) = cos Acos B+sin Asin B sinAd-—sinB =2cos BsmA B
+ A+ B -
tan(AiB)zM cos A +coosB=2cos il cosA——B—’
I+tandtan B 2
2sin Acos B =sin( A4+ B)+sin( A - B) cosA—cosB:"ZSinA+BsinA—B

2
2cos Acos B = cos(A+ BY+cos(A4A— B)

2sin Asin B = cos(A4 ~ B)—cos(A+ B)
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SECTION A (50 marks)

2
1. Let a be a constant., Ifthe coefficient of x in the expansion of (2 -3x)° (x-i—EJ is %9 , find @ and
x

the coefficient of x? inthe expansion. (5 marks)
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2.

Let f(x)=—xsinx .
(a)  Prove that f(g + h] - f(%} - xsml(gj ~heosh .

{by  Using (a), find £ {é{) from first principles.

(5 marks)

Answers written in the margins will not be marked.

Answers written in the margins will not be marked.
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3. (a)  Find apair of constants p and ¢ such that 1lsinx-+7cosx = p{3sinx+cosx)+g(3cosx-~sinx) .

LR

(b}  Evaluate -{l Mﬁf—dx .
0

3sinx+cosx

)(6 marks)
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4. (a)  Prove that cos3x=4cos” x—3cosx .

T
(b}  Using (a), solve the equation sec’ x—6sec’ x+8=0 , where 5 <x< 3

3

(5 marks)

Answers written in the margins will not be marked.
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5. Let 4 bea 2 x2 real matrix such that 4> + A+ =0 , where [ isthe 2 x 2 identity matrix.

(a) Prove that A° =7 .

(b}  Provethat 4 is non-singular.

-1
{c)  Someone claims that (AIOOO +(A—1)2000) can be expressed in the form of «af + f4 ., where «

and £ are real numbers. Is the claim correct? Explain your answer.

(7 marks)

Answers written in the margins will not be marked.
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6. {a) Let » be a positive constant. Figure 1 shows the shaded region which is inside the
circle x* +(y—r)* =r® and below the horizontal line v =h, where 0 </ <2r. Prove that the

volume of the sotid of revolution generated by revolving the shaded region about the y-axis

is Th@r-h) .
D

Figure 1

(b) A solid metal sphere of radius 10cm is put into an empty right cylindrical container of radius 11em
and height 20cm , with longitudinal section as shown in Figure 2. Starting from time ¢= 0, water

is added to the container at a constant rate of 1cm” per second. Let scm be the depth of water

. dh d
after ¢ seconds. By expressing W in terms of 4, find the greatest value of T

l.Ihcm

Figure 2
(7 marks)
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7. Let f(x) be a function defined on the interval (~2,2) . Denote the curve y=f{(x) by 7. Atany
k—~3x

V%wxz

point (x, ¥} on [, the slope of the tangent to /™ is , where £ is a constant. It is given that /-

passes through the origin.

(a) Find the equation of [~ in terms of k.

{(b)  Suppose that /7 has a turning point.
(i) Find the range of values of & .

(iiy  Does I have a point of inflexion? Explain your answer.
(7 marks)
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8. (a) Let #e R. Using mathematical induction, prove that sin BZsin 2k0 =sinndsin(n+ 1) for all
k=l
positive integers # .

111
(b) Using (a), find a pair of rational numbers @ and b such that sm—cos——— = asmb;'r ,
pa

where 0<b<%.

{8 marks)
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SECTION B (50 marks)

9. Define f(x)= xe™® forall x e R. Denote the graph of yp=1f(x) by G.
(a) Find f'{(x) and f"(x) .
(by  Find the maximum point(s) and the minimum poini(s) of G .

{c) Let L be the tangentto G at the point (l,l) .
=4

{1} Find the equation of L .
(i) By considering {"(x) , explain why G lies below L in the interval (0,1) .

(iii)  Find the area of the region bounded by <, L and the y-axis.

* {3 marks)

(3 marks)

(6 marks)
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10.  Let ¢ be the origin. The position vectors of P and @ are -2i ~k and 2i—j + k respectively. Denote
the circle passing through O, P and Q by C. Let R beapointlyingon P suchthat OR is perpendicular

to OQ.
(a) By considering the ratio of PR to RQ, find 5—}% . (3 marks)
(b}  OR produced meets C at another point §. Find os . (3 marks)

(¢)  Let I7 be the plane which contains C .
(1) Find a non-zero vector which is perpendicular to /7.
(i) Let G be the centre of €. Denote the projection of point A (-6, -22,2) on /7 by B.

Describe the geometric relationship between O, B and G . Explain your answer.
{6 marks)

Answers written in the margins will not be marked.
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11.

(a)

(b}

Consider the system of linear equations in real variables x, y, =z

x  + ay + fat+bhz = 2
(FY: < x + {(a+dy + (Ra+d)z b+1, where a,beR.
2x + Iy + 5z b

It

(1) Assume that {£) has a unique solution. Find the range of values of a.
{iiy  Assume that a=1. If () is consistent, find 5.

(i) Assume that a=1 and (£) Is inconsistent. Find the range of values of 5.
(7 marks)

Consider the system of linear equations in real variables x, y, z

2

s+1, where s R.

x + 2y + 3z
(F:<x + 6y + 8z
2x + 3y + 5z

i

5

Does there exist a pair of real constants m and » (independent of s ) such that forevery s € R,
(F} has areal solution (x, y,z) satisfying mx + ny+z =-2 7 Explain your answer. (6 marks)

Answers written in the margins will not be marked.
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(b)

(c)

(d)

1
Let a be a non-zero constant. Prove that I e dx = 3

i a

e—]
Using (a) and integration by substitution, evaluate j x(in(l + )c))2 dx .
0

I3

Evaluate J'E (ln(l +(e—1) cosx))2 sinZxdx .
0

Evaluate I . (ln(l +{e—1)sin x))?’ sin2xdx
2

(a* -2a+72)e -2

(3 marks)

(4 marks)

(3 marks)

(3 marks)
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